We show that the set of even positive definite lattices that arise from smooth, simplyconnected 4-manifolds bounded by a fixed homology 3-sphere can depend on more than the ranks of the lattices. We provide two homology 3-spheres with distinct sets of such lattices, each containing a distinct nonempty subset of the rank 24 Niemeier lattices.
Introduction
Let X be a smooth, compact, oriented 4-manifold. The intersection form of X is the free abelian group L X " H 2 pX; Zq{Tor equipped with the symmetric bilinear form L X b L X Ñ Z defined by the intersection of 2-cycles. A well-known result of Donaldson [Don86] says that if X has no boundary, and L X is positive definite, then it is equivalent over the integers to a diagonal lattice x1y n .
In general, a lattice is a free abelian group L of finite rank equipped with a symmetric bilinear form. We write x¨y for the pairing of x, y P L. A lattice L is unimodular if it has a basis te i u for which | detpe i¨ej q| " 1. If X as above has an integer homology 3-sphere boundary Y , then L X is a unimodular lattice. A lattice L is even if x¨x is an even integer for every x P L. A definite lattice is minimal if it has no vectors of absolute norm 1.
Fix an integer homology 3-sphere Y . Write L pY q for the set of isomorphism classes of minimal definite unimodular lattices L such that there exists a smooth, compact, oriented 4-manifold X without 2-torsion in H˚pX; Zq, BX " Y , and L X " L ' x1y n for some n ě 0. Write E i pY q Ă L pY q for the subset of even rank i lattices. That E i pY q is empty for i large enough was proven by Frøyshov using Seiberg-Witten theory [Frø10] , and also follows from Heegaard Floer theory [OS03a] .
The rank of an even positive definite unimodular lattice is an integral multiple of 8. There is only one such lattice of rank 8, and two of rank 16. In rank 24, there are 24 such lattices, the Niemeier lattices, see e.g. [CS99, Ch.6] , the set of which we denote by N 24 . The number beyond rank 24 grows quickly, and those of rank 32 already make up more than a billion. Write S The nonempty part of Theorem 1.1 is well-known. Indeed, recalling that S 3 1 pT n,m q is diffeomorphic to the orientation-reversal of the Brieskorn sphere Σpn, m, nm´1q, the canonical negative definite plumbings for Σp2, 11, 21q and Σp4, 5, 19q are even and of rank 24. The rest of Theorem 1.1 is new. The distinct part of the theorem is provided by obstructions from instanton Floer theory, following variations on a method of Frøyshov [Frø04] and recent work of the author [Sca] . In the latter reference, we used relations in the instanton cohomology ring of a surface times a circle, taken with mod 2 and mod 4 coefficients; here, we utilize relations with mod 8 coefficients. Specifically, we will show that the plumbed lattice for Σp4, 5, 19q cannot occur for Σp2, 11, 21q.
To put the above result into context, we define the geometric 4-genus g 4 pLq of a minimal positive definite unimodular lattice L to be the minimum g ě 0 such that there exists a smooth, closed, oriented 4-manifold W with b2 pW q " 1 and no 2-torsion in its homology, and an embedded connected orientable surface Σ Ă W of genus g and self-intersection´1 such that the orthogonal complement of rΣs P L W is isomorphic to L ' x`1y n for some n ě 0.
To see this, let X be as in the definition of L pY q, so that BX " Y and L X " L ' x1y n . We may assume L is nonstandard, or else g 4 pLq " 0; then L is positive definite. Form W by gluing to X a standard 2-handle cobordism associated to K, and then filling in the resulting 3-sphere boundary with a 4-handle. A slicing surface for K along with a disk in the 2-handle cobordism forms a surface Σ of genus g 4 pKq and self-intersection´1. Then W has b2 pW q " 1, no 2-torsion, and the complement lattice of rΣs is L X , so (1) follows. This is the construction of [Frø04, Cor.1]. We compute: Theorem 1.2. g 4 pD 24 q " 5 and g 4 pA 24 q " 6.
Here, D 24 is the canonical plumbed lattice for´Σp2, 11, 21q, and A 24 is that for´Σp4, 5, 19q. Recall that g 4 pT 2,11 q " 5 and g 4 pT 4,5 q " 6. From Theorem 1.2 and implication (1), the lattice A 24 is not a member of E 24 pS
The obstructions
In this section we review the obstructions used to obtain lower bounds on the geometric 4-genus of a given lattice. Most of this material runs parallel to [Sca, §2] . The difference is that we also consider inequalities derived from instanton Floer theory with coefficients modulo 8.
Let L be a positive definite unimodular lattice. We write x¨y for the pairing of elements x, y P L and x 2 " x¨x. The norm of x P L is defined to be x 2 . For any subset S Ă L denote by MinpSq the set of elements of minimal norm among all elements within S. We say w P L is extremal if it is of minimal norm within its index 2 coset, i.e. w P Minpw`2Lq. As in [Sca] 2 , define
Following [Frø02] , for w, a P L and m ě 0 such that w 2 " m (mod 2), define ηpL, w, a, mq :" 1 2
When m " 0 we interpret pa¨wq m " 1 and simply write ηpL, wq. When w is of even norm and w ı 0 (mod 2), ηpL, wq is a signed count of the elements in Minpw`2Lq{˘. For integers n ą 2 set
For a negative definite unimodular lattice L we define all of the above quantities using´L. Let Σ be a Riemann surface of genus g. Let R be a ring. The instanton cohomology I˚pΣˆS 1 ; Rq for the pull-back of a U p2q-bundle with odd first Chern class over Σ has a ring structure, studied by Muñoz [Mn99] when R " C. There are distinguished elements α, β, γ P I˚pΣˆS 1 ; Rq which in Donaldson-Floer theory correspond to µ-classes for the relative invariants of ΣˆD 2 . We use the conventions of [Sca] . Define N n α pgq and N n β pgq to be the nilpotency degrees of α and β, respectively, in the ring I˚pΣˆS 1 ; Zq b Z{n modulo γ.
Theorem 2.1. Let X be a smooth, closed, oriented 4-manifold with all torsion in its homology coprime to n ě 2. Suppose b2 pXq " 1, and let Σ Ă X be an embedded surface with Σ¨Σ " 1 and genus g. Define L Ă L X to be the negative definite unimodular lattice orthogonal to rΣs. Then
This follows from Thms. 2.1 and 2.2 of [Sca] when n " 2 and n " 4, respectively, but the proof therein of the latter, which is adapted from [Frø04] , works for all integers n ą 2.
In [Sca, Prop.2.3] we showed that N 2 α pgq " g and N
4
β pgq " rg{2s for g ď 128, and conjectured that these identities hold in general. To this we add the following, which, as mentioned in the introduction, will be used to prove the distinct part of Theorem 1.1: Proposition 2.2. For g ď 128 with g ı 2 (mod 4), we have N 8 β pgq " rg{2s.
2 Actually, our f 2 pLq here is a priori only less than or equal to that of [Sca] ; it is equal to mpLq of that reference.
Proof. The proof is essentially the same as for the cases n P t2, 4u from [Sca, §6] ; for completeness we sketch the argument. Let R " Zrα, βs. We define ζ r " ζ r pα, βq P R recursively by ζ 0 " 1, and ζ r`1 " αζ r`r 2 pβ`p´1q r 8qζ r´1 .
Define the ideals J r " pζ r , ζ r`1 , ζ r`2 q Ă R. Then R{J g b Q is isomorphic to the Spp2g, Zq-invariant Z{4-graded instanton cohomology ring of ΣˆS 1 modulo γ, with rational coefficients. This was proven by Muñoz [Mn99] . Indeed, the ζ r we have defined are obtained from those in [Sca, §6] by setting γ " 0. Here Σ is a Riemann surface of genus g, and the U p2q-bundle used in defining the instanton cohomology is the pullback of a bundle over Σ with odd first Chern class.
The elements α and β correspond to integral generators in the instanton cohomology ring. Furthermore, according to Lemma 6.3 of [Sca] , there is an integral generator ε such that β´α 2 " 8ε, so that β " α 2 (mod 8). We define the following polynomials:
Here k!! " kpk´2qpk´4q¨¨¨p3qp1q for odd positive k, and k!! " 1 if k ă 0. These polynomials are obtained from the ones in [Sca, Conj. 6 .4] by setting γ " 0. There we conjectured, and verified for many r, that each θ r pα, εq has integer coefficients, and that θ r pα, εq reduces mod 4 to˘α r . This implies N 2 α pgq ď g and, as β " α 2 (mod 4), that N 4 β pgq ď rg{2s. The additional observation we make here is that if r " 0, 1 (mod 4), θ r pα, εq also reduces mod 8 to˘α r . For example, θ 0 " 1, θ 1 " α,
These cases are the only ones needed for the applications of the current article, but we have verified the claim for r ď 128 using a computer. Therefore, in this range, for g " 0, 1 (mod 4) we have N (ii) g 4 pLq ě 2f 4 pLq´1.
Remark 2.4. Inequalities derived from cases in which n " 2 k is a higher power of 2 may also be obtained, but we will not make use of these in this article. We mention, however, that we have verified for low values of r the following: the polynomial p2r´3q!!α σ ζ r {r!| α 2 "β´8ε lies in Zrβ, εs, where σ " 0 (resp. 1) if r is even (resp. odd), and it reduces to´β pr`σq{2 modulo 2 k for r " 0 (mod 2 k´1 ) and k P t2, 3, 4, 5, 6u. This implies that N n β pgq " rg{2s for g " 0 (mod 2 k´1 ) and k P t2, 3, 4, 5, 6u. Note for these values of n that N n β pgq ď 2rg{2s always holds, because pβ 2´6 4q rg{2s vanishes modulo γ in the ring with integer coefficients, see [Mn99, §5] .
Another expression for ηpL, wq
When computing f n pLq, it will be useful to rewrite ηpL, wq. Fix a positive definite unimodular lattice L. Let w P L be extremal and of even norm. For i P Z define
Note S w i is empty for i ă 0 and S w 0 " t0u. Let z P Minpw`2Lq and write z " w`2u. Then
w¨u`4u 2 implies u¨w "´u 2 , and thus u P S 
When L is even and w is of norm 6, we have ηpL, wq " 1`|S w 2 |; when w is instead of norm 8, ηpL, wq " 1`|S 
Extremality criterion
It is also useful to have some method to verify that w P L is extremal. In general, we have
To see this, first suppose w is not extremal, i.e. there is u P L such that z " w`2u satisfies z 2 ă w 2 . Upon possibly replacing z by its negative, we may assume z¨w ě 0. This implies 4u 2 " pz´wq 2 ď z 2`w2 ă 2w 2 , and so
w¨u`4u 2 implies |w¨u| ą u 2 . The converse follows similarly. Criterion (6) implies, for example, that when L is even, to show w P L of norm 6 or 8 is extremal, we only need show |u¨w| ď 2 for all u P L of norm 2.
Niemeier lattices
In this section we prove Theorem 1.2. For several Neiemeier lattices L, we bound f n pLq from below for some n P t2, 4, 8u, which via Corollary 2.3 provides a lower bound for g 4 pLq. We then provide upper bounds by producing examples of 4-manifolds with embedded surfaces.
We now fix some notation and provide some preliminaries. We refer the reader to the monograph [CS99] for general background. The classical root lattices of type ADE are defined as follows:
In general, a root lattice is a positive definite lattice generated by vectors of norm 2, called roots. It is well-known that every root lattice is some direct sum of the above listed lattices. For a given positive definite unimodular lattice L with no vectors of norm 1, the root lattice of L is the sublattice of L generated by roots. For a lattice L define the dual lattice L˚" tx P L b Q : x¨y P Z @ y P Lu. The determinant of L is equal to the order of the discriminant group L˚{L. Each Niemeier lattice L apart from the Leech lattice is generated by its root lattice and a finite number of glue vectors, cf. [CS99, Ch. The theta series of a positive definite lattice L is the power series θ L pqq "
is the number of vectors in L of norm i. 
The lattice D 24
Here we compute g 4 pD 24 q " 5, the first part of Theorem 1.2. As mentioned in the introduction, this is not new, but we include an argument for completeness, and in preparation for later arguments.
The Niemeier lattice L " D 24 is generated by the root lattice D 24 and the glue vector g " p 1 {2 24 q. Note g 2 " 6. It is easy to verify that w " g is extremal. For example, the roots in D 24 are vectors of type p˘1 2 , 0 22 q; any such root u has |u¨w| P t0, 1u, and so (6) is satisfied. Furthermore, Minpw`2Lq " tw,´wu. Indeed, as just noted, S On the other hand, D 24 is isomorphic to the canonical plumbed lattice for´Σp2, 11, 21q, given as follows, in which each unmarked node has weight 2: 6 Indeed, the node of weight 6 corresponds to g, and the nodes of weight 2 correspond to p1, 1, 0 22 q, p1,´1, 0 22 q, p0, 1,´1, 0 21 q, . . . , p0 21 , 1,´1, 0q. As´Σp2, 11, 21q is`1 surgery on T 2,11 of slice genus 5, by inequality (1) we have g 4 pD 24 q ď 5, implying equality.
From a collection of lines
We provide another argument for g 4 pD 24 q ď 5, of a sort we return to for later use. Take a collection of 7 lines in the complex projective plane CP 2 that has 5 lines intersecting in one point, and no other points of multiplicity greater than 2, as in Figure 1 . Blow up at the point of multiplicity 5, and 23 generic points. We slightly perturb the resulting curve to remove all double points, cf. [GS99, p.39].
Then we obtain a smooth complex curve Σ in CP 2 #24CP 2 with rΣs " 7h´5e 1´e2´¨¨¨´e24 " p7 | 5, 1 23 q.
Note that Σ is connected. Indeed, we may get from any one line to another in the original arrangement by passing through only double points; this property holds for similar constructions in the sequel, as we leave the reader to check. In (8), h is induced from a generator for H 2 pCP 2 ; Zq, and each e i is an exceptional sphere associated to the i th blow-up. Note rΣs 2 " 1. The notation p7 | 5, 1 23 q follows [CS99] ; in general, we write pa | b 1 , . . . , b n q for an element ah´ř b i e i in the Lorentzian lattice H 2 pCP 2 #nCP 2 ; Zq, and use superscripts for repeated entries. The canonical class K of CP 2 #24CP 2 is Poincaré dual to ř e i´3 h, and the adjunction formula, in general given by 0 " xK, rΣsy`rΣs
in this case yields that the genus of Σ is 5. The lattice L orthogonal to rΣs has roots e 2´e3 , . . . , e 23é 24 , h´e 1´e2´e3 and 6h´4e 1´e2´¨¨¨´e23 , generating a copy of´D 24 . Furthermore, any orthogonal complement defined by a vector v " pa | b 1 , . . . , b n q with a and all b i odd is an even lattice, as x¨v " 0 implies
. Thus L is isomorphic tó D 24 , and we conclude again that g 4 pD 24 q ď 5.
The lattice A 24
In this section we compute g 4 pA 24 q " 6, the second part of Theorem 1.2.
The lattice L " A 24 is generated by its roots and the glue vector g " p 1 {5 20 ,´4{5 5 q, which has g 2 " 4. Consider w " p1 4 ,´1 4 , 0 17 q of norm 8. All roots u P L are of type p1,´1, 0 23 q, and so satisfy |u¨w| ď 2. Thus (6) is satisfied and w is extremal. We now compute ηpL, wq. First, there are 16 roots such that u¨w "´2, namely u " p´1, 0 3 , 1, 0 20 q and its permutations preserving coordinates 1 to 4, and 5 to 8. Thus |S We may obtain the upper bound in two different ways, just as was done for D 24 . First, as was mentioned in the introduction, A 24 is isomorphic to the canonical plumbed lattice associated to the Brieskorn sphere´Σp4, 5, 19q, given as follows, with unmarked nodes of weight 2: 4 Indeed, the node of weight 4 corresponds to g, and the nodes of weight 2 correspond to the roots p0, 1,´1, 0 22 q, . . . , p0 23 , 1,´1q. Then, as´Σp4, 5, 19q is diffeomorphic to`1 surgery on T 4,5 of slice genus 6, from inequality (1) we obtain g 4 pA 24 q ď 6, implying equality.
For the second approach, begin with a smooth quintic in CP 2 . If only to relate this to our previous construction for D 24 , we may start with 5 generic lines as in Figure 2 , with no three lines intersecting in a common point, and then slightly perturb the defining equation to obtain a smooth quintic. Blowing up at 24 generic points yields a connected complex curve Σ in CP 2 #24CP 2 with rΣs " 5h´e 1´¨¨¨´e24 "`5 | 1
24˘.
By the adjunction formula (9), the genus of Σ is 6. The orthogonal complement of rΣs has roots e 1´e2 , . . . , e 23´e24 and 5h´2e 1´e2´¨¨¨´e24 , forming a copy of´A 24 . Being an even negative definite unimodular lattice, it must then be isomorphic to´A 24 . From this construction we again conclude that g 4 pA 24 q ď 6. This completes the proof of Theorem 1.2, which, as discussed in the introduction, implies Theorem 1.1.
The lattice A 2 12
Next we consider the Niemeier lattice A 2 12 . We will show that 6 ď g 4 pA 2 12 q ď 9, thus providing another example of a Niemeier lattice not contained in E 24 p´Σp2, 11, 21qq. 
On the other hand, all roots in A 2 12 are of type pp1,´1, 0 11 q, 0q or p0, p1,´1, 0 11 qq, and so a 2 " 2`1 3 2˘`2`1 3 2˘" 312. From (7) we compute a 4 " 189072, in agreement with (10).
Consider w " pp 17 {13,´9{13
5 , 4 {13 7 q, p 7 {13 6 ,´6{13 7 qq, of norm 8. We first check that w P A 2 12 . As seen in [CS99, Ch.4 §6], An{A n is isomorphic to Z{pn`1q, with a standard generator r1s P Z{pn`1q corresponding to the class of a vector of type p 1 {pn`1q n ,´n{pn`1q 1 q. Minimal norm vectors representing ris P Z{pn`1q are those of type p i {pn`1q j ,´j{pn`1q i q where i`j " n`1. Now, A 2 12 is by definition the preimage under ' 2 A1 2 Ñ ' 2 A1 2 {A 12 of the subgroup in the codomain generated by the class of g, which is pr1s, r5sq P ' 2 Z{13. This subgroup contains pr4s, r7sq, so in particular
It is straightforward to verify that |w¨u| ď u 2 for all u of norm 4 and norm 2, having listed all such vectors above. Thus w is extremal by (6). Further, the roots u such that u¨w "´2 are obtained from pp´1, 1, 0 11 q, 0q by permuting coordinates 2 to 6, and so |S w 2 | " 5.
Next we count norm 4 vectors u such that w¨u "´4 in order to compute |S w 4 |. The only contributions are from vectors of types (iv) and (vii); of the former are the 6 vectors obtained from pp´1 2 {13, 1 {13q, p´8{13
5 , 5 {13 8by permuting the first 6 coordinates in the second A 12 -factor, and of the latter are the 6 vectors obtained from pp´5{13, 8 {13 5 ,´5{13 7 q, p´1 2 {13, 1 {13qq using the same permutations in the second A 12 -factor. Thus |S To obtain an upper bound, begin with 9 lines in CP 2 as in the theorem of Pappus, with 9 triple points and some double points. Add a line passing through 2 double points and no triple points, and then add another line, now passing through one of the newly formed double points, and no other double or triple points. We end up with Figure 3 . After blowing up triple points, and resolving double points, we obtain a connected complex curve Σ in CP 2 #24CP 2 with rΣs " 11h´3 Using the adjunction formula (9), we compute the genus of Σ to be 9. The lattice orthogonal to rΣs is isomorphic to´A 2 12 ; the two copies of´A 12 are spanned by e 1´e2 , . . . , e 11´e12 , p3 | 1 11 , 0 13 q, and e 13´e14 , . . . , e 23´e24 , p11 | 3 12 , 2 1 , 1 11 q, respectively. Thus g 4 pA 2 12 q ď 9.
3.4
The lattices A 15 D 9 and A 17 E 7
We mention two upper bounds for g 4 pLq that fit into the family of constructions from above. First, consider the Niemeier lattice A 15 D 9 , generated by its roots and the glue vector pp 1 {8 14 ,´7{8 2 q, p 1 {2 9 qq. Take a line arrangement with 11 lines, one point of multiplicity 5, 9 triple points, and some double points, as in Figure 4 . Blow up all points not of multiplicity two and 14 generic points, and resolve double points, to obtain a complex curve in the class p11 | 5, 3
9 , 1 14 q of genus 8, by adjunction. The complement of this class is isomorphic to´A 15 D 9 , and thus g 4 pA 15 D 9 q ď 8.
Similarly, we may consider the Niemeier lattice A 17 E 7 , generated by its roots and the glue vector pp 1 {6 15 ,´5{6 3 q, p 1 {4 6 ,´3{4 2 qq. Take an arrangement of 9 lines, interesecting 7 triple points and no other points of multiplicity greater than 2, as in Figure 5 . Blow up the triple points and resolve the double points to obtain a curve in the class p9 | 3 7 , 1 17 q, of genus 7, by adjunction. The complement of this class is isomorphic to´A 17 E 7 , and thus g 4 pA 17 E 7 q ď 7. We do not know if either of these upper bounds are optimal. The Lorentzian forms for these lattices appeared in [CS99, Ch.26].
The Leech lattice
The Leech lattice Λ 24 is the unique positive definite unimodular lattice of rank 24 which is even and has no roots. We now show that the lower bound on g 4 pΛ 24 q obtained from our methods is no better than that from Heegaard Floer and Seiberg-Witten theory. The minimal norm of a nonzero vector in Λ 24 is 4. Because Λ 24 is an even lattice, the next possible norms are 6 and 8. This theorem implies that for w P Λ 24 with w 2 " 6, we have Minpw`2Λ 24 q " tw,´wu, and thus f 2 pΛ 24 q ě w 2´1 " 5. In fact, the only larger extremal vectors w have Minpw`2Λ 24 q of size 48, and thus f 2 pΛ 24 q " 5. Similarly, we compute f 4 pΛ 24 q " f 8 pΛ 24 q " 6{2 " 3. Then Corollary 2.3 implies g 4 pΛ 24 q ě 5. However, as can be seen from the discussion in Section 4, this is the same lower bound offered by Heegaard Floer and Seiberg-Witten theory. The author does not know of any upper bounds. We note that´Λ 24 is the orthogonal complement of p145 | 51, 47, 45, . . . , 7, 5, 3q, see [CS99, Ch.26 ].
Remark 3.2. Curiously, the lattice invariant epLq from [Frø04] has epΛ 24 q " 2, as is easily computed from Theorem 3.1, and the instanton inequality of [Frø04, Thm.1] only provides the lower bound g 4 pΛ 24 q ě 3. This provides an example in which epLq ‰ δpLq, the latter being the latticetheoretic quantity that appears in Heegaard Floer and Seiberg-Witten theory, reviewed in Section 4.
Variations of Theorem 1.1
We note that in proving Theorem 1.1, the only properties of T 2,11 and T 4,5 used were that T 2,11 has slice genus 5 and S 3 1 pT 2,11 q bounds D 24 , and that S 3 1 pT 4,5 q bounds A 24 . To produce more examples, we may use constructions from [GS] .
For example, let C be a rational quintic in CP 2 with cuspidal singularities whose links are knots K 1 , . . . , K n . Blow up at 24 generic points of C and remove a neighborhood of the proper transform to obtain a negative definite 4-manifold with boundary´S Similarly, if we begin with a rational septic in CP 2 with cusps of types T 5,6 , K 1 , . . . , K n , we may blow up at the T 5,6 cusp and 23 generic points to obtain a rational curve in the class p7 | 5, 1 23 q; in this way, we obtain as before a negative definite 4-manifold with boundary´S 3 1 pK 1 #¨¨¨#K n q and lattice´D 24 . Examples are the rational septics C 7,1 and C 7,2 of [FZ96] , which have n " 2 and pK 1 , K 2 q " pT 2,3 , T 2,9 q and pK 1 , K 2 q " pT 2,5 , T 2,7 q, respectively. Similarly to the remark at the end of the previous paragraph, the knot K 1 #K 2 in each case has slice genus 5. Write mK for the m-fold connected sum of a knot K. We conclude:
Corollary 3.3. Theorem 1.1 remains valid if T 4,5 is replaced by any of the knots T 2,13 , T 3,5 #T 2,5 , T 3,4 #T 2,7 , T 2,9 #T 2,5 , T 3,4 #T 2,5 #T 2,3 , 3T 2,5 , T 2,7 #3T 2,3
and if T 2,11 is replaced by either T 2,3 #T 2,9 or T 2,5 #T 2,7 .
Odds and ends
Although our focus in this article has been on Niemeier lattices, both the obstructions from instanton theory and the geometric constructions we have considered are applicable to all definite unimodular lattices. In this section we discuss some generalities regarding the geometric 4-genus g 4 pLq of minimal positive definite unimodular lattices L.
For completeness, we record the lower bound imposed on g 4 pLq that comes from Seiberg-Witten and Heegaard Floer theory. Recall that a characteristic vector ξ P L is a vector such that ξ¨x " x 2 (mod 2) for all x P L. Denote by CharpLq the set of characteristic vectors for L. .1], which applies after blowing up our surface Σ once to obtain a surface of self-intersection 0. In particular, for an even lattice L, we have g 4 pLq ě rkL{4´1.
Perhaps the most general question in the current context is the following: what range of values prkL, g 4 pLqq occur as L runs through all minimal positive definite unimodular lattices? What is the range when L is restricted to even lattices? These are geography problems, to which Theorem 1.2 provides some very small progress when the rank is fixed at 24, distinct from the information provided by Seiberg-Witten and Heegaard Floer theory above.
There are also botany problems. For example, we may ask: for fixed g P Z ě0 , how many minimal positive definite unimodular lattices have g 4 pLq " g? For low values of g, this problem is solved. Indeed, for a minimal positive definite unimodular lattice L, we have Here Γ 4k is the lattice generated by D 4k and the glue vector p 1 {2 4k q. Note that Γ 4k is even precisely when k is even. The equivalence (12) follows from Donaldson's theorem, cf. [GS99, Prop.2.2.11]; alternatively, we may use (11) and the above cited result of Elkies. That of (13) is related to the main result of Frøyshov's thesis [Frø] , and follows from (3), Corollary 2.3 and Lemmas 3.2 and 3.3 of [Sca] . The equivalence (14) is related to the main result of [Sca] , and follows from (4) with n " 4, Corollary 2.3 and Lemma 4.2 of [Sca] .
We next ask for positive definite lattices L with g 4 pLq " 3. We do not solve this problem here, but provide several examples, some of which have g 4 pLq " 3, and some of which we only know to have g 4 pLq P t3, 4u. We also include some examples with g 4 pLq " 4, and one with g 4 pLq P t4, 5u. e i " p9 | 3 8 , 1 8 q.
The complement lattice of rΣs is isomorphic to´E 2 8 . Indeed, one copy of´E 8 is spanned by e 1´e2 , . . . , e 7´e8 , h´e 1´e2´e3 , and the other by e 9´e10 , . . . , e 15´e16 , p3 | 1 11 , 0 5 q. Furthermore, the adjunction formula implies that Σ has genus 4. Thus g 4 pE 2 8 q ď 4.
The lattice A 15
This is the unique positive definite unimodular lattice with root lattice A 15 , an example considered in [Sca, §5] . It is generated by its roots and the glue vector p 1 {4 12 ,´3{4 4 q, and is isomorphic to the canonical plumbing for´Σp3, 4, 11q, which is`1 surgery on T 3,4 . As g 4 pT 3,4 q " 3, from (1) we have gpA 15 q ď 3. Alternatively, we may start with a quartic in CP 2 and blow up at 15
